A method is designed for interpolating values given at points of a rectangular grid in a plane by a smooth bivariate function z = z(x, y). The interpolating function is a bicubic polynomial in each cell of the rectangular grid. Emphasis is on avoiding excessive undulation between given grid points. The proposed method is an extension of the method of univariate interpolation developed earlier by the author and is likewise based on local procedures.
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there is no necessity of developing a bivariate interpolation from a univariate interpolation if the latter is linear as is the one based on a polynomial [6, 8] , Fourier series [6] , spline function [5] , or osculatory interpolation [1, 7] . With one of these methods, interpolation of z(x,y) from given z(x¢ ,Yi) can be accomplished by interpolating z(x,yj) from given z(x~,yi) for each j and then interpolating z(x,y) from z(x,yi); the result is always smooth and agrees with what would be obtained by interpolating the function in reversed order.
When the method of univariate interpolation developed earlier by the author [2] is used for bivariate interpolation in the same manner as described in the preceding paragraph, the result is not always smooth. Moreover, the result generally disagrees with what would be obtained by interpolating the function in reversed order. This suggests the necessity of developing an integrated method of bivariate interpolation.
Proposed Method
The method is based on a piecewise function composed of a set of bicubic polynomials in x and y; a bicubic polynomial in x and y is a polynomial that has terms x'~y t~, where a = 0, 1, 2, 3 and /3 = 0, 1, 2, 3. Each polynomial is applicable to a rectangular area in the x-y plane bounded by the four straight lines x = xl, x = x~+~, y = yj, and y = Yi+~. Each polynomial is determined by the given values of the function z(x,y) and the values of the partial derivatives z~ = (Oz/Ox), zy = (Oz/Oy), and z~ = (O~z/ OxOy) at the four corner points of the rectangle. These partial derivatives are locally determined with certain assumptions which we will discuss below.
Assumptions for determining the partial derivatives are not unique. The same assumption as used in the univariate interpolation developed by the author [2] is adopted here for determining the first-order partial derivatives z~ and zu. We assume that z, and z~ at point (x3 ,y3) are given by (z~)~ = (w~c2~ + w~c~)/(w~ + w~), (1) (z~)~ = (w~2d~ + w~d~)/(w~ + w~), (2) respectively, where by w~2 = I c43 --ca3 [, w~3 = f c2~ -c1~ I, WU2 = 1d34 --d33 [, w~3 = Ida2 -d~x l, the weighting coefficients are given (3) (4) (5) (6) and where the first-order divided differences are given by
Extending this assumption to bivariate case, we
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assume that the second-order partial derivative z~y at point (x3 ,ya) is determined by
where the weighting coefficients given by (3) through (6) are used, and where the second-order divided differences are given by
When w~2 = w,3 = 0 and/or wu2 = w~3 = 0, the partial derivatives are undefined under these assumptions. In order to give a definite unique result in all cases, we set w~2 = w~3 = 1 and/or wu2 = wu3 = 1 as conventions for these cases.
The resulting surface is smooth not only at the grid points but also along the line segments that form the rectangles. For example, consider the z value along the line segment between two points (xl ,yj) and (Xi+l, yj). The values of z and z~ at the two points uniquely determine a cubic polynomial in x on the line segment. The bicubic polynomial in x and y representing the z value in the rectangle on each side of the line segment reduces to a cubic polynomial in x on the line segment. Therefore, the two bicubic polynomials should coincide with each other on the line segment. This proves continuity of the interpolated results along the line segment. Since (zv)~ = z~ u , we can also prove, by the same reasoning, continuity of zv and thus smoothness of z along the line segment.
Applications
Using a simple example taken from a study of waveform distortion in electronic circuits being conducted by the author, we exemplify the application of the proposed method. Assume that the values of z = z(x,y) are given at the 11 X 9 grid points in the x-y plane as shown in Table I . Knowing from the physical nature of the phenomena that z(x,y) is a single-valued Table I in Table I .
smooth function of x and y, we try to interpolate the z values between the grid points and to fit a smooth surface to the given set of data points. For comparison, we also apply two other methods, one the spline interpolation [5] and the other the osculatory interpolation [1, 7] . In applying these interpolation methods, the function is interpolated first in the x direction and then in the y direction. Note that, as described earlier, the results agree with what would be obtained by interpolating the function first in the y direction and then in the x direction. Figure 1 depicts contour maps for the surfaces fitted to the data points given in Table I . In drawing contours for the values of a bivariate function z = z(x,y) given at the grid points in an x-y plane, we interpolate the z value linearly along each line segment between a pair of adjacent grid points, determine the location of a point on the line segment that corresponds to the assigned z value, if any, and draw a straight line segment between two such points on the sides of a rectangle. The result of applying the contouring technique to the original data is shown in Figure l of 101 X 81 grid points. The computation times required for fitting the surfaces, on the coc-3800 computer, were approximately 1200, 600, and 800 ms for Figures l(b), l(c), and l(d), respectively. Figure 1 indicates that the surfaces fitted by the spline interpolation and the osculatory interpolation exhibit several minima that are absent in the surface fitted by the proposed method.
Concluding Remarks
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Tridiagonalization by Permutations
We have described a mathematical method of bivariate interpolation and smooth surface fitting. The described method is an extension of the method of univariate interpolation developed earlier by the author [2] . All the remarks made on the latter equally apply to the former except the last remark concerning the multiple-valued function. (The former is applicable only to single-valued bivariate functions.)
Interpolated values by the proposed method on each given grid line agree with those values that would be obtained if the univariate interpolation developed by the author [2] were applied to the grid line.
Computer subroutines that implement the proposed method of bivariate interpolation and smooth surface fitting are described elsewhere [4] .
Tridiagonalizing a matrix by similarity transformations is an important computational tool in numerical linear algebra. Consider the class of sparse matrices which can be tridiagonalized using only row and corresponding column permutations. The advantages of using such a transformation include the absence of round-off errors and improved computation time when compared with standard transformations. A graphtheoretic algorithm which examines an arbitrary n X n matrix and determines whether or not it can be permuted into tridiagonal form is given. The algorithm requires no arithmetic while the number of comparisons, the number of assignments, and the number of increments are linear in n. This compares very favorably with standard transformation methods. If the matrix is permutable into tridiagonal form, the algorithm gives the explicit tridiagonal form. Otherwise, early rejection will occur.
